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Foreword
ISO (the International Organization for Standardization) is a worldwide federation of national standards bodies
(ISO member bodies). The work of preparing International Standards is normally carried out through ISO
technical committees. Each member body interested in a subject for which a technical committee has been
established has the right to be represented on that committee. International organizations, governmental and
non-governmental, in liaison with ISO, also take part in the work. ISO collaborates closely with the
International Electrotechnical Commission (IEC) on all matters of electrotechnical standardization.
International Standards are drafted in accordance with the rules given in the ISO/IEC Directives, Part 2.
Draft Guides adopted by the responsible Committee or Group are circulated to the member bodies for voting.
Publication as a Guide requires approval by at least 75 % of the member bodies casting a vote.
Attention is drawn to the possibility that some of the elements of this document may be the subject of patent
rights. ISO shall not be held responsible for identifying any or all such patent rights.
This first edition of Supplement 1 to ISO/IEC Guide 98-3 has been prepared by Working Group 1 of the
JCGM, and has benefited from detailed reviews undertaken by member organizations of the JCGM and
National Metrology Institutes. For further information, see the Introduction (0.2).
ISO/IEC Guide 98 consists of the following parts, under the general title Uncertainty of measurement:
⎯

Part 1: Introduction to the expression of uncertainty in measurement

⎯

Part 3: Guide to the expression of uncertainty in measurement (GUM:1995)

The following parts are planned:
⎯

Part 2: Concepts and basic principles

⎯

Part 4: Role of measurement uncertainty in conformity assessment

⎯

Part 5: Applications of the least-squares method

ISO/IEC Guide 98-3 has one supplement.
⎯

Supplement 1: Propagation of distributions using a Monte Carlo method

The following supplements to ISO/IEC Guide 98-3 are planned:
⎯

Supplement 2: Models with any number of output quantities

⎯

Supplement 3: Modelling

Note that in this document, GUM is used to refer to the industry-recognized publication, adopted as
ISO/IEC Guide 98-3:2008. When a specific clause or subclause number is cited, the reference is to
ISO/IEC Guide 98-3:2008.
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Introduction
0.1

General

This Supplement to the Guide to the expression of uncertainty in measurement (GUM) is concerned with the
propagation of probability distributions through a mathematical model of measurement
[ISO/IEC Guide 98-3:2008, 3.1.6] as a basis for the evaluation of uncertainty of measurement, and its
implementation by a Monte Carlo method. The treatment applies to a model having any number of input
quantities, and a single output quantity.
The described Monte Carlo method is a practical alternative to the GUM uncertainty framework
[ISO/IEC Guide 98-3:2008, 3.4.8]. It has value when
a)

linearization of the model provides an inadequate representation or

b)

the probability density function (PDF) for the output quantity departs appreciably from a Gaussian
distribution or a scaled and shifted t-distribution, e.g. due to marked asymmetry.

In case a), the estimate of the output quantity and the associated standard uncertainty provided by the GUM
uncertainty framework might be unreliable. In case b), unrealistic coverage intervals (a generalization of
“expanded uncertainty” in the GUM uncertainty framework) might be the outcome.
The GUM [ISO/IEC Guide 98-3:2008, 3.4.8] “…provides a framework for assessing uncertainty …”, based on
the law of propagation of uncertainty [ISO/IEC Guide 98-3:2008, Clause 5] and the characterization of the
output
quantity
by
a
Gaussian
distribution
or
a
scaled
and
shifted
t-distribution
[ISO/IEC Guide 98-3:2008, G.6.2, G.6.4]. Within that framework, the law of propagation of uncertainty
provides a means for propagating uncertainties through the model. Specifically, it evaluates the standard
uncertainty associated with an estimate of the output quantity, given
1)

best estimates of the input quantities,

2)

the standard uncertainties associated with these estimates, and, where appropriate,

3)

degrees of freedom associated with these standard uncertainties, and

4)

any non-zero covariances associated with pairs of these estimates.

Also within the framework, the PDF taken to characterize the output quantity is used to provide a coverage
interval, for a stipulated coverage probability, for that quantity.
The best estimates, standard uncertainties, covariances and degrees of freedom summarize the information
available concerning the input quantities. With the approach considered here, the available information is
encoded in terms of PDFs for the input quantities. The approach operates with these PDFs in order to
determine the PDF for the output quantity.
Whereas there are some limitations to the GUM uncertainty framework, the propagation of distributions will
always provide a PDF for the output quantity that is consistent with the PDFs for the input quantities. This PDF
for the output quantity describes the knowledge of that quantity, based on the knowledge of the input
quantities, as described by the PDFs assigned to them. Once the PDF for the output quantity is available, that
quantity can be summarized by its expectation, taken as an estimate of the quantity, and its standard
deviation, taken as the standard uncertainty associated with the estimate. Further, the PDF can be used to
obtain a coverage interval, corresponding to a stipulated coverage probability, for the output quantity.

vi
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Uncertainty of measurement
Part 3:
Guide to the expression of uncertainty in measurement
(GUM:1995)
Supplement 1:
Propagation of distributions using a Monte Carlo method

1

Scope

This Supplement provides a general numerical approach, consistent with the broad principles of the GUM
[ISO/IEC Guide 98-3:2008, G.1.5], for carrying out the calculations required as part of an evaluation of
measurement uncertainty. The approach applies to arbitrary models having a single output quantity where the
input quantities are characterized by any specified PDFs [ISO/IEC Guide 98-3:2008, G.1.4, G.5.3].
As in the GUM, this Supplement is primarily concerned with the expression of uncertainty in the measurement
of a well-defined physical quantity—the measurand—that can be characterized by an essentially unique value
[ISO/IEC Guide 98-3:2008, 1.2].
This Supplement also provides guidance in situations where the conditions for the GUM uncertainty
framework [ISO/IEC Guide 98-3:2008, G.6.6] are not fulfilled, or it is unclear whether they are fulfilled. It can
be used when it is difficult to apply the GUM uncertainty framework, because of the complexity of the model,
for example. Guidance is given in a form suitable for computer implementation.
This Supplement can be used to provide (a representation of) the PDF for the output quantity from which
a)

an estimate of the output quantity,

b)

the standard uncertainty associated with this estimate, and

c)

a coverage interval for that quantity, corresponding to a specified coverage probability

can be obtained.
Given (i) the model relating the input quantities and the output quantity and (ii) the PDFs characterizing the
input quantities, there is a unique PDF for the output quantity. Generally, the latter PDF cannot be determined
analytically. Therefore, the objective of the approach described here is to determine a), b), and c) above to a
prescribed numerical tolerance, without making unquantified approximations.
For a prescribed coverage probability, this Supplement can be used to provide any required coverage interval,
including the probabilistically symmetric coverage interval and the shortest coverage interval.
This Supplement applies to input quantities that are independent, where each such quantity is assigned an
appropriate PDF, or not independent, i.e. when some or all of these quantities are assigned a joint PDF.
Typical of the uncertainty evaluation problems to which this Supplement can be applied include those in which
⎯

the contributory uncertainties are not of approximately the same magnitude [ISO/IEC Guide 98-3:2008,
G.2.2],

© ISO/IEC 2008 – All rights reserved
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⎯

it is difficult or inconvenient to provide the partial derivatives of the model, as needed by the law of
propagation of uncertainty [ISO/IEC Guide 98-3:2008, Clause 5],

⎯

the PDF for the output quantity is not a Gaussian distribution or a scaled and shifted t-distribution
[ISO/IEC Guide 98-3:2008, G.6.5],

⎯

an estimate of the output quantity and the associated standard uncertainty are approximately of the same
magnitude [ISO/IEC Guide 98-3:2008, G.2.1],

⎯

the models are arbitrarily complicated [ISO/IEC Guide 98-3:2008, G.1.5], and

⎯

the PDFs for the input quantities are asymmetric [ISO/IEC Guide 98-3:2008, G.5.3].

A validation procedure is provided to check whether the GUM uncertainty framework is applicable. The GUM
uncertainty framework remains the primary approach to uncertainty evaluation in circumstances where it is
demonstrably applicable.
It is usually sufficient to report measurement uncertainty to one or perhaps two significant decimal digits.
Guidance is provided on carrying out the calculation to give reasonable assurance that in terms of the
information provided the reported decimal digits are correct.
Detailed examples illustrate the guidance provided.
This document is a Supplement to the GUM and is to be used in conjunction with it. Other approaches
generally consistent with the GUM may alternatively be used. The audience of this Supplement is that of the
GUM.
NOTE 1
This Supplement does not consider models that do not define the output quantity uniquely (for example,
involving the solution of a quadratic equation, without specifying which root is to be taken).
NOTE 2
This Supplement does not consider the case where a prior PDF for the output quantity is available, but the
treatment here can be adapted to cover this case [16].

2

Normative references

The following referenced documents are indispensable for the application of this document. For dated
references, only the edition cited applies. For undated references, the latest edition of the referenced
document (including any amendments) applies.
ISO/IEC Guide 98-3:2008, Uncertainty of measurement — Part 3: Guide to the expression of uncertainty in
measurement (GUM:1995)
ISO/IEC Guide 99:2007, International vocabulary of metrology — Basic and general concepts and associated
terms (VIM)

3

Terms and definitions

For the purposes of this document, the terms and definitions of the ISO/IEC Guide 98-3 and the
ISO/IEC Guide 99 apply unless otherwise indicated. Some of the most relevant definitions, adapted where
necessary from these documents (see 4.2), are given below. Further definitions are given, including definitions
taken or adapted from other sources, that are important for this Supplement.
A glossary of principal symbols is given in Annex G.
3.1
probability distribution
〈random variable〉 function giving the probability that a random variable takes any given value or belongs to a
given set of values
NOTE

The probability on the whole set of values of the random variable equals 1.

[Adapted from ISO 3534-1:1993, 1.3; ISO/IEC Guide 98-3:2008, C.2.3]

2
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NOTE 1
A probability distribution is termed univariate when it relates to a single (scalar) random variable, and
multivariate when it relates to a vector of random variables. A multivariate probability distribution is also described as a
joint distribution.
NOTE 2

A probability distribution can take the form of a distribution function or a probability density function.

3.2
distribution function
function giving, for every value ξ, the probability that the random variable X be less than or equal to ξ:

G X (ξ ) = Pr( X u ξ )
[Adapted from ISO 3534-1:1993, 1.4; ISO/IEC Guide 98-3:2008, C.2.4]
3.3
probability density function
derivative, when it exists, of the distribution function

g X (ξ ) = dG X (ξ ) dξ
NOTE

gx(ξ) dξ is the “probability element”

g X (ξ ) dξ = Pr(ξ < X < ξ + dξ )

[Adapted from ISO 3534-1:1993, 1.5; ISO/IEC Guide 98-3:2008, C.2.5]
3.4
normal distribution
probability distribution of a continuous random variable X having the probability density function

⎛ 1 ⎛ ξ − µ ⎞2 ⎞
⎟
exp ⎜ − ⎜
g X (ξ ) =
⎜ 2 ⎝ σ ⎟⎠ ⎟
σ 2π
⎝
⎠
1

for −∞ < ξ < +∞
NOTE

µ is the expectation and σ is the standard deviation of X.

[Adapted from ISO 3534-1:1993, 1.37; ISO/IEC Guide 98-3:2008, C.2.14]
NOTE

The normal distribution is also known as a Gaussian distribution.

3.5
t-distribution
probability distribution of a continuous random variable X having the probability density function

Γ((ν + 1) 2) ⎛ ξ 2
g X (ξ ) =
⎜1+
ν
πν Γ(ν / 2) ⎜⎝

⎞
⎟
⎟
⎠

−(ν +1)/ 2

for −∞ < ξ < +∞, with parameter ν, a positive integer, the degrees of freedom of the distribution, where
Γ( z ) =

∞ z −1 −t
t e dt,

∫0

z>0

is the gamma function

© ISO/IEC 2008 – All rights reserved
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3.6
expectation
property of a random variable, which, for a continuous random variable X characterized by a PDF gX (ξ ), is
given by

E( X ) =

∞

∫ −∞ ξ g X (ξ ) dξ

NOTE 1

Not all random variables have an expectation.

NOTE 2

The expectation of the random variable Z = F(X), for a given function F(X), is

E ( Z ) = E ⎡⎣ F ( X )⎤⎦ =

∞

∫ −∞ F (ξ )g X (ξ ) dξ

3.7
variance
property of a random variable, which, for a continuous random variable X characterized by a PDF gX (ξ ), is
given by

V(X ) =
NOTE

∞

∫ −∞ (ξ − E ( X ))

2

g X (ξ ) dξ

Not all random variables have a variance.

3.8
standard deviation
positive square root [V (X)]1/2 of the variance
3.9
moment of order r
expectation of the rth power of a random variable, namely

E( X r ) =

∞

∫ −∞ ξ

r

g X (ξ ) dξ

NOTE 1

The central moment of order r is the expectation of the random variable Z = [X − E(X)]r.

NOTE 2

The expectation E(X) is the first moment. The variance V(X) is the central moment of order 2.

3.10
covariance
property of a pair of random variables, which, for two continuous random variables X1 and X2 characterized by
a joint (multivariate) PDF gX(ξ ), where X = (X1, X2)T and ξ = (ξ1, ξ2)T, is given by

Cov( X 1, X 2 ) =
NOTE

∞

∞

∫ −∞ ∫ −∞ [ξ1 − E( X 1)][ξ 2 − E( X 2 )]g X (ξ ) dξ1 dξ 2

Not all pairs of random variables have a covariance.

3.11
uncertainty matrix
matrix of dimension N × N, containing on its diagonal the squares of the standard uncertainties associated with
estimates of the components of an N-dimensional vector quantity, and in its off-diagonal positions the
covariances associated with pairs of estimates

4
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NOTE 1
An uncertainty matrix Ux of dimension N × N associated with the vector estimate x of a vector quantity X has
the representation

⎡ u( x1, x1 ) L u( x1, xN ) ⎤
⎥
Ux = ⎢
M
O
M
⎢
⎥
⎣u( xN , x1 ) L u( xN , xN )⎦
where u(xi, xi) = u2(xi) is the variance (squared standard uncertainty) associated with xi and u(xi, xj) is the covariance
associated with xi and xj. u(xi, xj) = 0 if elements Xi and Xj of X are uncorrelated.
NOTE 2

Covariances are also known as mutual uncertainties.

NOTE 3

An uncertainty matrix is also known as a covariance matrix or variance-covariance matrix.

3.12
coverage interval
interval containing the value of a quantity with a stated probability, based on the information available
NOTE 1

A coverage interval is sometimes known as a credible interval or a Bayesian interval.

NOTE 2

Generally there is more than one coverage interval for a stated probability.

NOTE 3
A coverage interval should not be termed ‘confidence interval’ to avoid confusion with the statistical concept
[ISO/IEC Guide 98-3:2008, 6.2.2].
NOTE 4
This definition differs from that in the ISO/IEC Guide 99:2007, since the term ‘true value’ has not been used in
this Supplement, for reasons given in the GUM [ISO/IEC Guide 98-3:2008, E.5].

3.13
coverage probability
probability that the value of a quantity is contained within a specified coverage interval
NOTE

The coverage probability is sometimes termed “level of confidence” [ISO/IEC Guide 98-3:2008, 6.2.2].

3.14
length of a coverage interval
largest value minus smallest value in a coverage interval
3.15
probabilistically symmetric coverage interval
coverage interval for a quantity such that the probability that the quantity is less than the smallest value in the
interval is equal to the probability that the quantity is greater than the largest value in the interval
3.16
shortest coverage interval
coverage interval for a quantity with the shortest length among all coverage intervals for that quantity having
the same coverage probability
3.17
propagation of distributions
method used to determine the probability distribution for an output quantity from the probability distributions
assigned to the input quantities on which the output quantity depends
NOTE

The method may be analytical or numerical, exact or approximate.

3.18
GUM uncertainty framework
application of the law of propagation of uncertainty and the characterization of the output quantity by a
Gaussian distribution or a scaled and shifted t-distribution in order to provide a coverage interval

© ISO/IEC 2008 – All rights reserved
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3.19
Monte Carlo method
method for the propagation of distributions by performing random sampling from probability distributions
3.20
numerical tolerance
semi-width of the shortest interval containing all numbers that can correctly be expressed to a specified
number of significant decimal digits
EXAMPLE
All numbers greater than 1.75 and less than 1.85 can be expressed to two significant decimal digits
as 1.8. The numerical tolerance is (1.85 − 1.75)/2 = 0.05.
NOTE

4

For the calculation of numerical tolerance associated with a numerical value, see 7.9.2.

Conventions and notation

For the purposes of this Supplement, the following conventions and notation are adopted.
4.1 A mathematical model of a measurement [ISO/IEC Guide 98-3:2008, 4.1] of a single (scalar) quantity
can be expressed as a functional relationship f :

Y = f (X )

(1)

where Y is a scalar output quantity and X represents the N input quantities (X1,…, XN)T. Each Xi is regarded as
a random variable with possible values ξi and expectation xi. Y is a random variable with possible values η
and expectation y.
NOTE 1
The same symbol is used for a physical quantity and the random variable that represents that quantity
(cf. [ISO/IEC Guide 98-3:2008, 4.1.1 Note 1]).
NOTE 2

Most models of measurement can be expressed in the form of Equation (1). A more general form is

h(Y ,X ) = 0

which implicitly relates X and Y. In any case, to apply the described Monte Carlo method, it is only necessary that Y can be
formed corresponding to any meaningful X.

4.2 This Supplement departs from the symbols often used for ‘PDF’ and ‘distribution function’ [24]. The
GUM uses the generic symbol f to refer to a model and a PDF. Little confusion arises in the GUM as a
consequence of this usage. The situation in this Supplement is different. The concepts of model, PDF, and
distribution function are central to following and implementing the guidance provided. Therefore, in place of
the symbols f and F to denote a PDF and a distribution function, respectively, the symbols g and G are used.
These symbols are indexed appropriately to denote the quantity concerned. The symbol f is reserved for the
model.
NOTE

The definitions in Clause 3 that relate to PDFs and distributions are adapted accordingly.

4.3 In this Supplement, a PDF is assigned to a quantity, which may be a single, scalar quantity X or a
vector quantity X. In the scalar case, the PDF for X is denoted by gX (ξ ), where ξ is a variable describing the
possible values of X. This X is considered as a random variable with expectation E(X) and variance V(X)
(3.6, 3.7).
4.4 In the vector case, the PDF for X is denoted by gX (ξ ), where ξ = (ξ1,…,ξN)T is a vector variable
describing the possible values of the vector quantity X. This X is considered as a random vector variable with
(vector) expectation E(X) and covariance matrix V(X).
4.5 A PDF for more than one input quantity is often called joint even if all the input quantities are
independent.
4.6

6

When the elements Xi of X are independent, the PDF for Xi is denoted by gX (ξi).
i
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The PDF for Y is denoted by gY (η) and the distribution function for Y by GY (η).

4.7

4.8 In the body of this Supplement, a quantity is generally denoted by an upper case letter and the
expectation of the quantity or an estimate of the quantity by the corresponding lower case letter. For example,
the expectation or an estimate of a quantity Y would be denoted by y. Such a notation is largely inappropriate
for physical quantities, because of the established use of specific symbols, e.g. T for temperature and t for
time. Therefore, in some of the examples (Clause 9), a different notation is used. There, a quantity is denoted
by its conventional symbol and its expectation or an estimate of it by that symbol hatted. For instance, the
quantity representing the deviation of the length of a gauge block being calibrated from nominal length (9.5) is
︿
denoted by δL and an estimate of δL by δL .
NOTE

A hatted symbol is generally used in the statistical literature to denote an estimate.

4.9 In this Supplement, the term “law of propagation of uncertainty” applies to the use of a first-order Taylor
series approximation to the model. The term is qualified accordingly when a higher-order approximation is
used.
4.10 The subscript “c” [ISO/IEC Guide 98-3:2008, 5.1.1] for the combined standard uncertainty is redundant
in this Supplement. The standard uncertainty associated with an estimate y of an output quantity Y can
therefore be written as u(y), but the use of uc(y) remains acceptable if it is helpful to emphasize the fact that it
represents a combined standard uncertainty. The qualifier “combined” in this context is also regarded as
superfluous and may be omitted: the presence of “y” in “u(y)” already indicates the estimate with which the
standard uncertainty is associated. Moreover, when the results of one or more uncertainty evaluations
become inputs to a subsequent uncertainty evaluation, the use of the subscript “c” and the qualifier
“combined” are then inappropriate.
4.11 The terms “coverage interval” and “coverage probability” are used throughout this Supplement. The
GUM uses the term “level of confidence” as a synonym for coverage probability, drawing a distinction between
“level of confidence” and “confidence level” [ISO/IEC Guide 98-3:2008, 6.2.2], because the latter has a
specific definition in statistics. Since, in some languages, the translation from English of these two terms yields
the same expression, the use of these terms is avoided here.
4.12 According to Resolution 10 of the 22nd CGPM (2003) “ … the symbol for the decimal marker shall be
either the point on the line or the comma on the line …”.

Exceptionally, for the decimal sign in this Guide 98 series, it has been decided to adopt the point on the line in
the English texts and the comma on the line in the French texts.
4.13 Unless otherwise qualified, numbers are expressed in a manner that indicates the number of
meaningful significant decimal digits.
EXAMPLE
The numbers 0.060, 0.60, 6.0 and 60 are expressed to two significant decimal digits. The numbers 0.06,
0.6, 6 and 6 × 101 are expressed to one significant decimal digit. It would be incorrect to express 6 × 101 as 60, since two
significant decimal digits would be implied.

4.14 Some symbols have more than one meaning in this Supplement. See Annex G. The context clarifies
the usage.
4.15 The following abbreviations are used in this Supplement:

CGPM

Conférence Générale des Poids et Mesures

IEEE

Institute of Electrical and Electronic Engineers

GUF

GUM uncertainty framework

JCGM

Joint Committee for Guides in Metrology

GUM

Guide to the expression of uncertainty in measurement

MCM

Monte Carlo method

PDF

probability density function

VIM

International vocabulary of basic and general terms in metrology
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5

Basic principles

5.1

Main stages of uncertainty evaluation

5.1.1

a)

The main stages of uncertainty evaluation constitute formulation, propagation, and summarizing:

Formulation:
1)

define the output quantity Y, the quantity intended to be measured (the measurand);

2)

determine the input quantities X = (X1,…, XN)T upon which Y depends;

3)

develop a model relating Y and X;

4)

on the basis of available knowledge, assign PDFs—Gaussian (normal), rectangular (uniform), etc.—
to the Xi. Assign instead a joint PDF to those Xi that are not independent;

b) Propagation:
propagate the PDFs for the Xi through the model to obtain the PDF for Y;
c) Summarizing:
use the PDF for Y to obtain
1)

the expectation of Y, taken as an estimate y of the quantity,

2)

the standard deviation of Y, taken as the standard uncertainty u(y) associated with y
[ISO/IEC Guide 98-3:2008, E.3.2], and

3)

a coverage interval containing Y with a specified probability (the coverage probability).

NOTE 1

The expectation may not be appropriate for all applications (cf. [ISO/IEC Guide 98-3:2008, 4.1.4]).

NOTE 2
The quantities described by some distributions, such as the Cauchy distribution, have no expectation or
standard deviation. A coverage interval for the output quantity can always be obtained, however.

5.1.2 The GUM uncertainty framework does not explicitly refer to the assignment of PDFs to the input
quantities. However [ISO/IEC Guide 98-3:2008, 3.3.5], “… a Type A standard uncertainty is obtained from a
probability density function … derived from an observed frequency distribution …, while a Type B standard
uncertainty is obtained from an assumed probability density function based on the degree of belief that an
event will occur …. Both approaches employ recognized interpretations of probability.”
NOTE
The use of probability distributions in a Type B evaluation of uncertainty is a feature of Bayesian
inference [21, 27]. Research continues [22] on the boundaries of validity for the assignment of degrees of freedom to a
standard uncertainty based on the Welch-Satterthwaite formula.

5.1.3 The steps in the formulation stage are carried out by the metrologist, perhaps with expert support.
Guidance on the assignment of PDFs (step 4) of stage a) in 5.1.1) is given in this Supplement for some
common cases (6.4). The propagation and summarizing stages, b) and c) in 5.1.1, for which detailed guidance
is provided here, require no further metrological information, and in principle can be carried out to any required
numerical tolerance for the problem specified in the formulation stage.
NOTE
Once the formulation stage a) in 5.1.1 has been carried out, the PDF for the output quantity is completely
specified mathematically, but generally the calculation of the expectation, standard deviation and coverage intervals
requires numerical methods that involve a degree of approximation.

8
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6.4

Probability density function assignment for some common circumstances

6.4.1

General

Subclauses 6.4.2 to 6.4.11 provide assignments of PDFs to quantities based on various types of information
regarding those quantities. Given for each PDF gX (ξ) are
a)

formulae for the expectation and variance of X, and

b)

the manner in which sampling from gX (ξ) can be undertaken.

Table 1 facilitates the use of these subclauses and also illustrates the corresponding PDFs.
NOTE

6.4.2

These illustrations of the PDFs are not drawn to scale. The multivariate Gaussian PDF is not illustrated.

Rectangular distributions

6.4.2.1
If the only available information regarding a quantity X is a lower limit a and an upper limit b with
a < b, then, according to the principle of maximum entropy, a rectangular distribution R(a, b) over the interval
[a, b] would be assigned to X.

The PDF for X is

6.4.2.2

⎧1/(b − a ), a u ξ u b,
g X (ξ ) = ⎨
otherwise.
⎩ 0,
X has expectation and variance

6.4.2.3

E( X ) =

a+b
,
2

V(X ) =

(b − a ) 2
12

(2)

To sample from R(a, b), make a draw r from the standard rectangular distribution R(0, 1) (C.3.3),

6.4.2.4
and form

ξ = a + (b − a )r
6.4.3

Rectangular distributions with inexactly prescribed limits

6.4.3.1
A quantity X is known to lie between limits A and B with A < B, where the midpoint (A + B)/2 of the
interval defined by these limits is fixed and the length B − A of the interval is not known exactly. A is known to
lie in the interval a ± d and B in b ± d, where a, b and d, with d > 0 and a + d < b − d, are specified. If no other
information is available concerning X, A and B, the principle of maximum entropy can be applied to assign to X
a “curvilinear trapezoid” (a rectangular distribution with inexactly prescribed limits).

The PDF for X is

6.4.3.2

⎧ ln ( ( w + d ) ( x − ξ )) , a − d u ξ u a + d ,
⎪
1 ⎪ln ( ( w + d ) ( w − d )) , a + d < ξ < b − d ,
g X (ξ ) =
⎨
4d ⎪ ln ( ( w + d ) (ξ − x )) , b − d u ξ u b + d ,
⎪⎩ 0,
otherwise,

(3)

where x = (a + b)/2 and w = (b − a)/2 are, respectively, the midpoint and semi-width of the interval [a, b]
[ISO/IEC Guide 98-3:2008, 4.3.9 Note 2]. This PDF is trapezoidal-like, but has flanks that are not straight
lines.
NOTE

Formula (3) can be expressed as

g X (ξ ) =

⎛
⎞
1
w+d
max ⎜ ln
, 0⎟
⎜ max( ξ − x , w − d ) ⎟
4d
⎝
⎠

for computer implementation.
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Table 1 — Available information and the PDF assigned on the basis of that information
(6.4.1 and C.1.2)
Available information

Assigned PDF and illustration (not to scale)

Subclause

Lower and upper limits a, b

Rectangular:
R(a, b)

6.4.2

Inexact lower and upper limits a ± d, Curvilinear trapezoid:
CTrap(a, b, d)
b±d

6.4.3

Sum of two quantities assigned
rectangular distributions with lower
and upper limits a1, b1 and a2, b2

Trapezoidal:
Trap(a, b, β) with a = a1 + a2,
b = b1 + b2,
β =⏐(b1 − a1) − (b2 − a2)⏐ (b − a)

6.4.4

Sum of two quantities assigned
rectangular distributions with lower
and upper limits a1, b1 and a2, b2
and the same semi-width
(b1 − a1 = b2 − a2)

Triangular:
T(a, b) with a = a1 + a2, b = b1 + b2

6.4.5

Sinusoidal cycling between lower
and upper limits a, b

Arc sine (U-shaped):
U(a, b)

6.4.6

Best estimate x and associated
standard uncertainty u(x)

Gaussian:
N(x, u2(x))

6.4.7

Best estimate x of vector quantity
and associated uncertainty matrix
Ux

Multivariate Gaussian:
N(x, Ux)

6.4.8

Series of indications x1,…,xn
sampled independently from a
quantity having a Gaussian
distribution, with unknown
expectation and unknown variance

/

Scaled and shifted t :

(

)

t n −1 x , s 2 n with x =
s2 =

n

n

∑ xi
i =1

n,

6.4.9.2

∑ ( xi − x ) ( n − 1)
2

i =1

Best estimate x, expanded
uncertainty Up, coverage factor kp
and effective degrees of freedom

Scaled and shifted t :
tν eff(x, (Up kp)2)

6.4.9.7

Best estimate x of non-negative
quantity

Exponential:
Ex(1/x)

6.4.10

Number q of objects counted

Gamma:
G(q + 1, 1)

6.4.11

νeff

© ISO/IEC 2008 – All rights reserved
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6.4.3.3 X has expectation and variance

E( X ) =

a+b
,
2

V(X ) =

(b − a ) 2 d 2
+
12
9

(4)

NOTE 1
The variance in Expression (4) is always greater than the variance holding for exact limits in Expression (2),
i.e. when d = 0.
NOTE 2
The GUM treats the information about X in 6.4.3.1 by assigning a degrees of freedom to the standard
uncertainty associated with the best estimate of X [ISO/IEC Guide 98-3:2008, G.4.2].

6.4.3.4
To sample from CTrap(a, b, d), make two draws r1 and r2 independently from the standard
rectangular distribution R(0, 1) (C.3.3), and form

a s = ( a − d ) + 2dr1,

bs = ( a + b ) − a s

and

ξ = a s + (bs − a s )r2
NOTE
as is a draw from the rectangular distribution with limits a ± d. bs is then formed to ensure that the midpoint of as
and bs is the prescribed value x = (a + b)/2.
EXAMPLE
A certificate states that a voltage X lies in the interval 10.0 V ± 0.1 V. No other information is available
concerning X, except that it is believed that the magnitude of the interval endpoints is the result of rounding correctly some
numerical value (3.20). On this basis, that numerical value lies between 0.05 V and 0.15 V, since the numerical value of
every point in the interval (0.05, 0.15) rounded to one significant decimal digit is 0.1. The location of the interval can
therefore be regarded as fixed, whereas its width is inexact. The best estimate of X is x = 10.0 V and, using Expression (4)
based on a = 9.9 V, b = 10.1 V and d = 0.05 V, the associated standard uncertainty u(x) is given by
u 2( x) =

(0.2) 2 (0.05) 2
+
= 0.003 6
12
9

Hence u(x) = (0.003 6)½ = 0.060 V, which can be compared with 0.2 12 = 0.058 V in the case of exact limits, given by
replacing d by zero. The use of exact limits in this case gives a numerical value for u(x) that is 4 % smaller than that for
inexact limits. The relevance of such a difference needs to be considered in the context of the application.

6.4.4

Trapezoidal distributions

6.4.4.1
The assignment of a symmetric trapezoidal distribution to a quantity is discussed in the GUM
[ISO/IEC Guide 98-3:2008, 4.3.9]. Suppose a quantity X is defined as the sum of two independent quantities
X1 and X2. Suppose, for i = 1 and i = 2, Xi is assigned a rectangular distribution R(ai, bi) with lower limit ai and
upper limit bi. Then the distribution for X is a symmetric trapezoidal distribution Trap(a, b, β) with lower limit a,
upper limit b, and a parameter β equal to the ratio of the semi-width of the top of the trapezoid to that of the
base. The parameters of this trapezoidal distribution are related to those of the rectangular distributions by

a = a1 + a 2 ,

b = b1 + b2 ,

β=

λ1
λ2

(5)

b−a
2

(6)

where

λ1 =

(b1 − a1 ) − (b2 − a 2 )
,
2

λ2 =

and
0 u λ1 u λ 2
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The PDF for X (Figure 5), obtained using convolution [42, p. 93], is

6.4.4.2

⎧(ξ − x + λ ) (λ 2 − λ 2 ) ,
2
2
1
⎪
⎪1 ( λ1 + λ 2 ) ,
g X (ξ ) = ⎨
⎪( x + λ 2 − ξ ) (λ 22 − λ12 ) ,
⎪0,
⎩

x − λ 2 u ξ < x − λ1,
x − λ1 u ξ u x + λ1,
x + λ1 < ξ u x + λ 2 ,
otherwise,

(7)

where x = (a + b)/2.
NOTE

Formula (7) can be expressed as

g X (ξ ) =

⎛ 1
⎞
1
min ⎜⎜
max λ 2 − ξ − x , 0 , 1⎟⎟
λ1 + λ 2
⎝ λ 2 − λ1
⎠

(

)

for computer implementation.

Figure 5 — The trapezoidal PDF for X = X1 + X2, where the PDFs for X1 and X2 are rectangular (6.4.4.2)

X has expectation and variance

6.4.4.3

E( X ) =

a+b
,
2

V(X ) =

(b − a ) 2
(1 + β 2 )
24

6.4.4.4
To sample from Trap(a, b, β), make two draws r1 and r2 independently from the standard
rectangular distribution R(0,1) (C.3.3), and form

ξ =a+
6.4.5

b−a
⎡(1 + β )r1 + (1 − β )r2 ⎤⎦
2 ⎣

Triangular distributions

6.4.5.1
Suppose a quantity X is defined as the sum of two independent quantities, each assigned a
rectangular distribution (as in 6.4.4), but with equal semi-widths, i.e. b1 − a1 = b2 − a2. It follows from
Expressions (5) and (6) that λ1 = 0 and β = 0. The distribution for X is the trapezoidal distribution Trap(a, b, 0),
which reduces to the (symmetric) triangular distribution T(a, b) over the interval [a, b].
6.4.5.2

The PDF for X is

⎧(ξ − a ) w 2 , a u ξ u x,
⎪
⎪
g X (ξ ) = ⎨(b − ξ ) w 2 , x < ξ u b,
⎪0,
otherwise,
⎪⎩

(8)

where x = (a + b)/2 and w = λ2 = (b − a)/2.
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NOTE

Formula (8) can be expressed as

g X (ξ ) =

⎛
⎞
2 ξ −x
2
max ⎜ 1 −
, 0⎟
⎜
⎟
b−a
b−a
⎝
⎠

for computer implementation.
X has expectation and variance

6.4.5.3

E( X ) =

a+b
,
2

V(X ) =

(b − a ) 2
24

6.4.5.4
To sample from T(a, b), make two draws r1 and r2 independently from the standard rectangular
distribution R(0, 1) (C.3.3), and form

ξ =a+
6.4.6

b−a
( r1 + r2 )
2

Arc sine (U-shaped) distributions

6.4.6.1
If a quantity X is known to cycle sinusoidally, with unknown phase Φ, between specified limits a
and b, with a < b, then, according to the principle of maximum entropy, a rectangular distribution R(0, 2π)
would be assigned to Φ. The distribution assigned to X is the arc sine distribution U(a, b) [18], given by the
transformation

X =

a+b b−a
sinΦ
+
2
2

where Φ has the rectangular distribution R(0, 2π).
The PDF for X is

6.4.6.2

2
2 −1/ 2
⎧
, a < ξ < b,
g X (ξ ) = ⎨(2/π)[(b − a ) − (2ξ − a − b ) ]
otherwise.
⎩ 0,

NOTE

U(a, b) is related to the standard arc sine distribution U(0, 1) given by

−1/ 2
⎧
π , 0 < z < 1,
⎪ ⎡ z 1 − z ) ⎦⎤
g Z ( z ) = ⎨⎣ (
⎪⎩0
otherwise,

(9)

in the variable Z, through the linear transformation
X = a + (b − a )Z

Z has expectation 1/2 and variance 1/8. Distribution (9) is termed the arc sine distribution, since the corresponding
distribution function is
Gz ( z) =

1
1
arcsin ( 2 z − 1) +
π
2

It is a special case of the beta distribution with both parameters equal to one half.
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X has expectation and variance

6.4.6.3

a+b
,
2

E( X ) =
6.4.6.4
and form

ξ=
6.4.7

V(X ) =

(b − a ) 2
8

To sample from U(a, b), make a draw r from the standard rectangular distribution R(0, 1) (C.3.3),
a+b b−a
sin 2πr
+
2
2

Gaussian distributions

6.4.7.1
If a best estimate x and associated standard uncertainty u(x) are the only information available
regarding a quantity X, then, according to the principle of maximum entropy, a Gaussian probability
distribution N(x, u2(x)) would be assigned to X.
6.4.7.2

The PDF for X is
⎛ (ξ − x ) 2
exp ⎜ −
⎜ 2u 2 ( x )
2 πu ( x )
⎝
1

g X (ξ ) =
6.4.7.3

⎞
⎟
⎟
⎠

(10)

X has expectation and variance

E( X ) = x,

V ( X ) = u 2 ( x)

6.4.7.4
To sample from N(x, u2(x)), make a draw z from the standard Gaussian distribution N(0, 1)
(Clause C.4), and form

ξ = x + u( x ) z
6.4.8

Multivariate Gaussian distributions

6.4.8.1
A comparable result to that in 6.4.7.1 holds for an N-dimensional quantity X = ( X 1,…, X N ) T . If the
only information available is a best estimate x = ( x1,…, x N ) T of X and the associated (strictly) positive definite
uncertainty matrix

⎡ u2 ( x )
u( x1, x2 )
1
⎢
u2 ( x2 )
U x = ⎢ u( x2 , x1 )
⎢
M
M
⎢
u
(
x
,
x
)
u
(
x
N , x2 )
⎣⎢ N 1

L u( x1, xN ) ⎤
⎥
L u( x2 , xN )⎥
⎥
O
M
⎥
2
L u ( xN ) ⎦⎥

a multivariate Gaussian distribution N(x, Ux) would be assigned to X.
6.4.8.2

The joint PDF for X is

g X (ξ ) =
6.4.8.3

1
N

[(2π) det U x ]

1/ 2

⎛ 1
⎞
exp ⎜ − (ξ − x ) T U x −1(ξ − x ) ⎟
⎝ 2
⎠

(11)

X has expectation and covariance matrix

E( X ) = x,

V ( X ) = Ux
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6.4.8.4
To sample from N(x, Ux), make N draws zi, i = 1,…,N, independently from the standard Gaussian
distribution N(0, 1) (Clause C.4), and form

ξ = x + RT z
where z = (z1,…,zN)T and R is the upper triangular matrix given by the Cholesky decomposition Ux = RTR
(Clause C.5).
In place of the Cholesky decomposition Ux = RTR, any matrix factorization of this form can be used.

NOTE 1

NOTE 2
The only joint PDFs considered explicitly in this Supplement are multivariate Gaussian, distributions commonly
used in practice. A numerical procedure for sampling from a multivariate Gaussian PDF is given above (and in
Clause C.5). If another multivariate PDF is to be used, a means for sampling from it would need to be provided.
NOTE 3
The multivariate Gaussian PDF (11) reduces to the product of N univariate Gaussian PDFs when there are no
covariance effects. In that case

(

Ux = diag u2 ( x1),…,u2 ( xN )

)

whence
N

∏ g X i (ξ i )

g X (ξ ) =

i =1

with
⎛ (ξ − x ) 2 ⎞
exp ⎜ − i 2 i ⎟
⎜ 2u ( x ) ⎟
2 πu ( x i )
i ⎠
⎝
1

g X i (ξ i ) =

6.4.9

t-distributions

6.4.9.1
t-distributions typically arise in two circumstances: the evaluation of a series of indications
(6.4.9.2), and the interpretation of calibration certificates (6.4.9.7).
6.4.9.2
Suppose that a series of n indications x1,…,xn is available, regarded as being obtained
independently from a quantity with unknown expectation µ0 and unknown variance σ 02 having Gaussiandistribution N µ 0 , σ 02 . The desired input quantity X is taken to be equal to µ0. Then, assigning a noninformative joint prior distribution to µ0 and σ 02 , and using Bayes’ theorem, the marginal PDF for X is a scaled
and shifted t-distribution tν x , s 2 n , with ν = n − 1 degrees of freedom, where

(

x=

n

1
xi ,
n i =1

∑

)

s2 =

(

)

n

1
( xi − x ) 2
n − 1 i =1

∑

being, respectively, the average and variance of the indications [20].
6.4.9.3

The PDF for X is

g X (ξ ) =

Γ( n/ 2)

Γ ( ( n − 1) 2 ) ( n − 1)π

×

1
s

2⎞
⎛
⎜ 1 + 1 ⎛⎜ ξ − x ⎞⎟ ⎟
n − 1 ⎜⎝ s n ⎟⎠ ⎟
n ⎜
⎝
⎠

− n/ 2

(12)

where
Γ( z ) =

∞ z −1 −t
t e dt,

∫0

z>0

is the gamma function.
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X has expectation and variance

6.4.9.4

E( X ) = x ,

n −1 s2
n−3 n

V(X ) =

where E(X ) is defined only for n > 2 and V(X ) only for n > 3. For n > 3, the best estimate of X and its
associated standard uncertainty are therefore
x = x,

u( x ) =

n −1 s
n−3

(13)

n

NOTE 1
In the GUM [ISO/IEC Guide 98-3:2008, 4.2], the standard uncertainty u(x) associated with the average of a
series of n indications obtained independently is evaluated as u(x) = s n , rather than from Formula (13), and the
associated degrees of freedom ν = n − 1 is considered as a measure of the reliability of u(x). By extension, a degrees of
freedom is associated with an uncertainty obtained from a Type B evaluation, based on subjective judgement of the
reliability of the evaluation [ISO/IEC Guide 98-3:2008, G.4.2] (cf. 6.4.3.3 Note 2). Degrees of freedom associated with the
uncertainties u(xi) are necessary to obtain, by application of the Welch-Satterthwaite formula, the effective degrees of
freedom νeff associated with the uncertainty u(y).
NOTE 2
In the Bayesian context of this Supplement, concepts such as the reliability, or the uncertainty, of an
uncertainty are not necessary. Accordingly, the degrees of freedom in a Type A evaluation of uncertainty are no longer
viewed as a measure of reliability, and the degrees of freedom in a Type B evaluation do not exist.

(

)

6.4.9.5
To sample from tν x , s 2 n , make a draw t from the central t-distribution tν with ν = n − 1 degrees
of freedom ([ISO/IEC Guide 98-3:2008, G.3], Clause C.6), and form

s

ξ =x+

t

n

6.4.9.6
If instead of a standard deviation s calculated from a single series of indications, a pooled
standard deviation sp with νp degrees of freedom obtained from Q such sets,

s p2 =

Q

1

∑

νp

ν j s 2j ,

νp =

j =1

Q

∑ν j
j =1

is used, the degrees of freedom ν = n − 1 of the scaled and shifted t-distribution assigned to X should be
replaced by the degrees of freedom νp associated with the pooled standard deviation sp. As a consequence,
Formula (12) should be replaced by
g X (ξ ) =

Γ ( (ν p + 1) 2 )
Γ(ν p 2) ν p π

×

1
sp

⎛
1
⎜
1+
⎜
n ⎜ νp
⎝

⎛ ξ−x
⎜
⎜ sp n
⎝

⎞
⎟
⎟
⎠

2⎞

−(ν p +1)/ 2

⎟
⎟
⎟
⎠

and Expressions (13) by
x=x=

n

1
xi ,
n i =1

∑

u( x ) =

νp
νp − 2

sp
n

(ν p W 3)

6.4.9.7
If the source of information about a quantity X is a calibration certificate
[ISO/IEC Guide 98-3:2008, 4.3.1] in which a best estimate x, the expanded uncertainty Up, the coverage factor
kp and the effective degrees of freedom νeff are stated, then a scaled and shifted t-distribution tν (x, (Up/kp)2)
with ν = νeff degrees of freedom should be assigned to X.
6.4.9.8
If νeff is stated as infinite or not specified, in which case it would be taken as infinite in the
absence of other information, a Gaussian distribution N(x, (Up/kp)2) would be assigned to X (6.4.7.1).
NOTE

This distribution is the limiting case of the scaled and shifted t-distribution tν (x, (Up/kp)2) as ν tends to infinity.
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6.4.10 Exponential distributions

If the only available information regarding a non-negative quantity X is a best estimate x > 0 of X,
6.4.10.1
then, according to the principle of maximum entropy, an exponential distribution Ex(1/x) would be assigned
to X.
The PDF for X is

6.4.10.2

⎧exp( −ξ x ) x ,
g X (ξ ) = ⎨
⎩ 0,

ξ W 0,

otherwise.

X has expectation and variance

6.4.10.3

E( X ) = x,

V(X ) = x2

To sample from Ex(1/x), make a draw r from the standard rectangular distribution R(0,1) (C.3.3),

6.4.10.4
and form

ξ = − x ln r
NOTE

Further information regarding the assignment of PDFs to non-negative quantities is available [14].

6.4.11 Gamma distributions
6.4.11.1
Suppose the quantity X is the average number of objects present in a sample of a fixed size (e.g.
the average number of particles in an air sample taken from a clean room, or the average number of photons
emitted by a source in a specified time interval). Suppose q is the number of objects counted in a sample of
the specified size, and the counted number is assumed to be a quantity with unknown expectation having a
Poisson distribution. Then, according to Bayes’ theorem, after assigning a constant prior distribution to the
expectation, a gamma distribution G(q + 1, 1) would be assigned to X.

The PDF for X is

6.4.11.2

⎧ q
g X (ξ ) = ⎨ξ exp( −ξ ) q!, ξ W 0,
otherwise.
⎩ 0,

(14)

X has expectation and variance

6.4.11.3

E( X ) = q + 1,

V(X ) = q +1

(15)

6.4.11.4
To sample from G(q + 1, 1), make q + 1 draws ri, i = 1,…, q + 1, independently from the standard
rectangular distribution R(0,1) (C.3.3), and form

ξ = − ln

q +1

∏ ri
i =1

See also Reference [18].
NOTE 1
If the counting is performed over several samples (according to the same Poisson distribution), and qi is the
number of objects counted in the i th sample, of size Si, then the distribution for the average number of objects in a sample
of size S = ∑ S i is G(α, β) with α = 1 + ∑ q i and β = 1. Formulae (14) and (15) apply with q = ∑ q i .
i

i

i

NOTE 2
The gamma distribution is a generalization of the chi-squared distribution and is used to characterize
information associated with variances.
NOTE 3
The particular gamma distribution in 6.4.11.4 is an Erlang distribution given by the sum of q + 1 exponential
distributions with parameter 1 [18].
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